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3k 1. Simple Heuristic 59
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B ¥ 2. Evtushenko Bk (EV)
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X — 2 /7T 1 AG B — AT 7
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EndIf
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4)HEH2) ~3)HE ZA o = 1.

5 HEXRSERSN

N T BRIV B TE AR PRI R R RE A
TR T SER 1) 5T/ N (1 i 5300k IE

PRI 2) 500 A~ Bl HLIAL ] 1% KRS 0k 1k g
M s 3) XA LS AT 407 5 4) X
P e 8% i 2R AT 20 A BT R ] Matlab
2019b 474 h , A AR TE — G B & Ol Intel Core
i5 - 8600K 3. 6GHz CPU 16GB RAM H#E R %A
i Windows10 4~ AHL figi H 58 .
5.1 HEIEmMERE

ARSCRA T SCHR [ 10 ] H il — A /N B 541
RIAIE Lipschitz {5 A6 5332 FURHE T AL 12: 1 1E A
PE BRI 3 . EV BIE AR 22 ¢ BEE N
0. 1,125 45 R Un3k 4 FioR.

F3 xEt[12] 99—~ /MRAEES] (S =200)
Table 3 A small-scale instance from [12] ( S = 200 )

T 1 2 3 4 5 6
D, 10 000 | 5000 | 3000 | 1000 | 600 | 200
s 45 46 47 44 45 47
s 5 5 5 5 5 5
h 1 1 1 1 1 1
Ry 1.5 1.5 | 1.5 | 1.5 | 1.5 | 1.5

M4l LU B, EV 53k 1 45 R 5 S0
(10 JEROE M B LA IR T — 2, JF H EV 5934 5 1B
PR BRSO - (AR R, T ARRE
GEING=A G NR VAR SR:E R N HER VR E S
DUIRARAEIL , Gap (6N 0. 22 % , FEA AT LI fe
L.

®4 EVERESWETRENEES EHRA

Table 4 The performance of EV and dual lower bound on the small-scale instance

Bk HbrE JEFLR] AL T
EV 4 828.89 <0.01 K=[1;1;1;2;2;4], F=[4;3;2;3;2;2], T =0.188 1
LB 4 818.26 (Gap =0.22%) <0.01 —
SCHR 10 J BTG A 4 828.89 — K=[1;1;1;2;2;4], F=[4;3;2;3;2;2], 7 =0.188 1
SCHER[ 10 F 57 4754.46 (Gap =1.54%) — _

x5 HHRN
5.2 i*ﬂ*ﬁﬁ@ﬂx‘f tb %gﬁ Table 5 The range of parameters

z"(jciﬁi_l‘T n = 10,30950,70,100 ﬂéﬂ _g:.“ Di s: h;u h]i’

KIS, EETOTNA S B IR ETT G, [0.15", [1.2h,
N - . [40, 100] | [500, 5 000] [0.5, 3] )
ARZHH 0.1 £% ~0.5 1%, & 41 I & bl AL AE A% 0.350 ] 2.0 hY ]

20 AR SRR RIS AT 500 AN BELE B,
b 36 K i 2R MM U 2 2% SO [ 10 ] 3k S
7.

RESE BV L PERE, A SO R A N 22
4y #E Ak B ¥ (adaptive differential evolution,
ADE) | H i N IR A 22 73 #6512 (adaptive hybrid
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differential evolution, AHDE) | i 1& 5 7% ( genetic
algorithm, GA) A7 XJ bb, I B 4N « BEAA 1914 2
WF9E (LR 1) B AR5 22 00 e 5 LR Ry
A PSR AE AR TR JRD [n] @, 5 8 4 o T i
R AR TE P AR E M, L& AHDE /)
PR A T AR W 4 R ASCR , & H R JRD 7]
BRI R TR R A2 — 5 GA IAE N
— P MR AR RE S T ) Iz T TR STk

[3 ]2 B TR A JRD UG 1 AHE % 4F 1 3L
R PR To A K G Y oK s AR B
500, MR /NS B A R A RN 10 4%, HoAl =AY
FBOT IS HOT IS % 303,10, 18 ], X
AFFEIER. et 4 FlORARE L L T AT
AR, R 6 PR, AN SGESETT T kis 1T
P T R 32 T J3E BB 1) 2 B2 AR A O, Al
4 FES FR.

B4 HEISHMEEERERE

Fig. 4 Influence of instance parameters on algorithm accuracy
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BHHI S EEIETHE K

Fig. 5 Influence of instance parameters on running time
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e =0. 1, RIEREITE A E S RIERN R ZEA 2
H 0. 1, B bR RIS S L A , 7 (B S0
HhEV FES B i 2O LA IE R iR L. 5
EV B L, Fofth i) o0 R S U5 A 1 /L
BRI IS T HCB AR (AR R LR 451

FHERFPUAE , 140, AHDE B ¥:7E n = 10 B, £
HRESK B AR, X 5 A BFR A e — 2 (H 2
B RS AE IR, AHDE B335 %) M 15 B . T %
TEn = 100 B, H AR E 5 5 U0 E 1 25 B KL 3
T 25.46%. ML Z T GA AYE I B 47, fe K
W25 & 14. 13%. ADE 5595 i e KA 2= WK 2] 1
31.37 %. X451 0 B Bk e KRR )
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2) EV BB T . 5ILFoTia &
AR L, EV 53 Bl [n] 8RB R T 3 4 i
R BRI, MR 0 = 100 (545, S35 3550 [
AR 23 s, 1fif ADE 5 AHDE 755 120 s 1Y
B ARG Z T GA B o] R ASE 3 K 1 R /)
/2, n =100 BB HFHFE 20 s 15

3) XHE T A5 LR 22 AR /). 7E 500 M5
B XHE Gap Fe Rl 1.13% , 5444 0.51% ,3X
— S ZR T SCHR[ 10 %5 JRD F S A oY
EAE N S E I NS A L N S R iy T A R
— 48 JRD 4 i ] .

BEAR BT VR BILL R R 1) EV Bk
REXT T S HYIUE H iRk, 24 S M BUERKET, EV
LT T RN, I HLX— a5 e KB
BEONBRE X o= 100 B4, SHYEO. 1 50.5 (1)
T, P21 T [ ek 3 3. 4 502200 , 1 X —
FEESEH TS BRI Lipschitz 802 i/, A
FIFHES 2) X ME T AXT TS50 n Rl S (U EA L
VIR n Bk, LB 5k Gap #0K, S #K, LB 5
TR Gap /N (HGXFRFZIAEE /1N, n DL 10 HEJmE]
100,544 Gap M 0. 46 %3 H1%] 0.53%, S ] 0.1 44
TEN 0.5, 51 Gap M 0. 73 %Jdi/ 51 0.33%.

®6 CopfH, ZHIHE, RMUABHFEITER

Table 6 Results of Gap, running time, and optimality number

Gap {8/ % SEHIF A/ s ZL)RV €
n S EV ADE AHDE GA LB
EV ADE | AHDE | GA | EV | ADE | AHDE | GA
S| BROR | PR | ok | CFE | IRR | P | ok | P | ok
0.1]0.01 [0.01 |2.24 |3.85|1.92 |3.82|2.90 |4.24 |0.55|1.13|0.21 | 0.64 | 0.62 | 0.42 | 20 1 3 0
0.2]0.01 {0.01 | 0.07 | 1.11 | 0.07 | 1.11 | 2.05 | 6.73 | 0.55 |0.98 | 0.21 | 0.64 | 0.62 | 0.41 | 20 15 15 1
10 |{0.3]0.01 |0.01|0.00 | 0.05 |0.00|0.00|0.75 |5.23 [0.47 |0.95|0.17 | 0.64 | 0.62 | 0.42 | 20 19 20 5
0.4]0.01 [0.01 | 0.00 | 0.07 | 0.00 | 0.04 | 0.29 | 1.24 [0.44 |0.74 | 0.15 | 0.64 | 0.62 | 0.42 | 20 18 18 7
0.5]0.01 [0.01 | 0.01 | 0.10 | 0.01 | 0.08 | 0.17 | 1.13 [0.28 |0.79 | 0.12 | 0.64 | 0.62 | 0.42 | 20 17 18 9
0.1]0.00 [0.00 | 5.55|6.69 | 4.41 | 5.83 | 4.46 | 5.57 |0.71 | 1.02 | 1.76 | 6.52 | 6.39 |2.19 | 20 0 0 0
0.20.00 [0.00 | 5.58 | 6.71 | 3.92 | 6.42 | 4.04 | 6.81 | 0.55[0.93 | 1.42 | 6.51 6.36 | 2.19 | 20 0 0 0
30 |0.3{0.00 (0.00 |3.14 | 5.43 | 1.35 | 2.60 | 1.78 | 4.96 [0.46 |0.71 | 1.19 | 6.53 | 6.37 |2.19 | 20 0 0 0
0.4]0.00 [0.00 | 1.58 | 2.75 | 0.29 | 0.87 | 0.69 | 2.48 | 0.40 | 0.64 | 1.00 | 6.56 | 6.39 |2.20 | 20 0 0 0
0.5]0.00 [0.00 | 0.87 | 1.31 | 0.19 | 0.61 | 0.59 | 1.36 | 0.35|0.58 | 0.77 | 6.57 | 6.41 |2.20 | 20 0 0 0
0.1[0.00{0.00 |10.91|11.84|8.09 |8.77 | 6.18 | 7.48 |0.79 | 1.04 | 5.13 |20.93 | 20.39 | 5.35 | 20 0 0 0
0.20.00 [0.00 |11.80|13.24|8.31 | 9.07 | 6.41 | 7.54 | 0.63 | 0.82 | 4.57 |21.04 | 20.44 | 5.35 | 20 0 0 0
50 10.3]0.00(0.00 |11.80(13.29| 7.36 | 9.48 | 5.23 | 7.71 | 0.49 | 0.76 | 3.36 | 21.07 | 20.52 | 5.36 | 20 0 0 0
0.410.00{0.00 [11.32|14.08|5.90 | 8.17 | 3.84 | 5.93 |0.41 |0.61 | 2.32 | 21.12 | 20.61 | 5.36 | 20 0 0 0
0.5(0.00{0.00|9.70 |11.16|4.16 | 5.61 | 2.02 | 3.60 |0.35]0.55|1.79 | 21.18 | 20.64 | 5.35 | 20 0 0 0
0.1]0.00 [0.00 |16.54|17.36|12.56|13.72| 7.98 | 9.08 | 0.77 | 1.02 | 9.10 | 50.68 | 49.42 |10.16 | 20 0 0 0
0.2]0.00 [0.00 |18.6220.16 |14.14|15.35|8.73 | 9.72 | 0.61 | 0.76 | 6.69 | 50.49 | 49.23 |10.15| 20 0 0 0
70 10.3{0.00 [0.00 [19.4120.97 |14.39|15.47 | 8.28 [10.830.48 | 0.73 | 6.02 | 50.46 | 49.15 |10.16 | 20 0 0 0
0.4]0.00 [0.00 |19.45|21.29 |13.56|15.22| 7.27 | 9.30 [ 0.42 | 0.62 | 4.57 | 50.53 | 49.19 |10.17| 20 0 0 0
0.5]0.00 [0.00 |18.6220.16|12.33|13.99 | 5.48 | 7.64 | 0.34 | 0.53 | 3.53 | 50.72 | 49.46 |10.16 | 20 0 0 0
0.1]0.00 [0.00 22.95|23.99|18.85|19.85|10.05(11.98 |0.83 | 1.06 |22.65 |128.45|125.21{20.52| 20 0 0 0
0.20.00 [0.00 |26.83|28.94|22.25|23.48 |12.00 (13.46 | 0.58 | 0.80 |15.78 |128.40|124.59{20.53 | 20 0 0 0
100 {0.310.00 | 0.00 |28.33[30.47 |22.80 (24.37 |11.98 [14.13 | 0.51 | 0.66 |[11.64 |129.28|125.16|20.58| 20 0 0 0
0.410.00 [0.00 [29.08 |30.41 |23.25|25.46 |11.77 {13.54]0.40 | 0.54 | 9.31 |132.23|128.26{20.80| 20 0 0 0
0.5]0.00 [0.00 |29.3231.37|22.87|24.87 |11.01 {13.31]0.33 | 0.41 | 6.62 |128.89|125.40(20.54 | 20 0 0 0

E:
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Fig. 6 Influence of £ on running time
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Fig. 7 Influence of & on Gap value
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Fig. 8 Influence of bounds of decision variables on running time
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Fig. 9 Influence of bounds of decision variables on Gap value
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Table 7 Comparison results of coordinated delivery and non-coordinated delivery

BB B A HE& B B A RAS r K F ZAEEyE
Bl ALk 3475.21 1353.68 4 828.89 0.188 1 1,1,1,224 | 432342 | 7.79%
T bip Il 2484.44 2752.26 5236.70 0.158 7 1,1,1,2,2,4 - -

N T 2553 M b IR S8 A B SRR, AT I
AT T U E AT B SR TR 2 R
FT R AT, IS L s si LAY LR LRSS
SR B AR T Db R85 AR 52, SR 45
Wi 10 Frs.

E 10 ZFSHR i E 2R B 00
Fig. 10 Influence of parameters on coordination effect
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Fig. 11 Joint influence of A} and h] on coordination effect
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An g-optimal algorithm and a dual lower bound for the joint replenishment
and delivery problem

WANG Si-rui, WANG Lin" , WU Bin-rong, ZHANG Jin-long
School of Management, Huazhong University of Science and Technology, Wuhan 430074, China

Abstract: This paper addresses the common joint replenishment and delivery (JRD) problem that occurs in a
multi-item inventory system. An g-optimal algorithm and a dual lower bound are proposed via deeply analyzing
the mathematical properties of the model. The randomized numerical experiments show that the proposed g-op-
timal algorithm outperforms the existing meta heuristics both in terms of both accuracy and efficiency, and the
largest increase in accuracy can reach 31%. The dual lower bound is very tight, with the gap averaging below
0.84%. Moreover, the proposed g-optimal algorithm is also very fast, and a 100-item instance can be solved
in twenty-three seconds. In addition, the time complexity of the g-optimal algorithm is analyzed. The g-opti-
mal algorithm can achieve O(n) polynomial-time complexity under real-world situations, which enriches the
algorithmic design theory of the JRD research. Finally, the effect of coordinated delivery is analyzed. Experi-
ments show that coordinated delivery can achieve cost reduction when the inventory management level of the
central warehouse is higher than that of the retailers.

Key words: joint replenishment and delivery; Lipschitz optimization; g-optimal; bound heuristic; dual lower

bound



