17 9 Vol. 17 No.9
2014 9 JOURNAL OF MANAGEMENT SCIENCES IN CHINA Sep. 2014

R, R, x5’
(1. 223300; 2. 510641)

D EZ N Karp LA TRAER AL, REFARTAETHF RS MM ST
EEMATEA. B4k, LRZPNEORABERR AT RABEERE RS THH R0 X 4.
HR, B RAERFPARZ EF oMW T 2% 8T Z P A6 g R R AT B & AT T T ReT
42k AF A H T AR BAEIFARAATE TR EAR IR FREAG GRS Py ELKFIE, 28
T R B Rk ML R L R EF LA KAERID, 4R T KI& 348 Rk 0955 F L ik
AT X—FF AP AR TSI, R5, SREZEHFIL AT STHLARRTT 5
M, BRE: THA RGIIANFAAT S0 % LB EIRF A T F b, Amit &5k

LA R R A E
D 5 EFALKMTRM,; HEEM; TR E; R RS, TF
1 F224.0 A : 1007 —9807(2014) 09 —0029 - 11
0
-2 Karp 3
2009 3 700
2008 138.7%; 2011
9 300
7 000 32.9%. ¢ p
(P>c Plc=5s).
N N . Karp
s—1
2 _
1/s.
?
Karp
[©) 1 2012 -04 -18; : 2013 =07 - 13.
: (70801027) : (10YJA630062) ;
(20127270035) .

(1963—) . Email: humaolin2000@ 163. com



— 30 — 2014 9
N N N N Karp
Karlin
5 «“ ” Karp
. El-Yaniv  Karp ° ?
N 10
N . Azar 1
El-Yaniv
Yang
_ ( ) ?7’
Karp ({3 »
9 Irani Ramanathan " Bienkowski
A Karp
9 10
Fujiwara  Iwama ° Xu " 7 _
A 1/10=1.9.
15 16
A 6
10
1.75
al-Binali "
Karp
18-22

23 -24

25

26 Zhang 27

. Lotker 8-

s 30
. Fujiwara

1.1



9
P .
P( ) 1+
c
(1 +i)n—1
P
I = (o, 0, 1+
U”)
m
0=(0, 0, - 0) (
)
0
1 0
n
ALG COStAI,(;( [) 2
I OPT '
Costopy( 1) 1 «a B 8
P
Costyo( 1) < aCostop( 1) + 3 (1) P
ALG a — ( c L .
o). B=0 ALG o - Pore im0
(63
64
T, T, T, n
n
1) m ;2) m
t O0<st<n-1
1) i >0 m n
1.2 o () S m (1+40)" -1
: A (1 +40) i(1 =+
m c 2) i >0 m l
1 P.
n(n) = (i)
T T, T T n )
1 2 n = cm (1 +L) ,5_11 + mP ; (2)
(1 +7) (1 +1)
n (2) £t
; | c P 1+
P, 2 o OPT "
) . vy(n) > mP mP




2014 9
s m m
" cm(l+i)” ! n<s
mP s n Vopr(n) = (1 +71) " (3)
cm‘(1+L?”Hl _ P n}P n=s
i(1+79) 1 s
- 1
(1+4)° " = n m
t-i( £ 1)
c .
s 2
P—s
c - 2
S 1_lnl—i(s—l)
B In(1 + 1) . In 1T -i(s -1)
s =1- - (4)
n In(1 + )
Vopr( n) i(i>0)
! iy =
1 (4) s©i(i>0)
: n<s (4) i
m ; n?s*
ﬁz(s—l)(l+i)1n(l+i)+ 1 -is=-1) Inl-is-1) (5)
di (1+) 1—-i(s=1) In’(1 +1i)
ds”
di ()
(s=D(1+)In(1 +3d) + 1 -i(s-1) In1-i(s-1)
=sln(l+2) = 1 -is-=1 In(l1+:) + 1 -i(s=1 In1l-i(s-1
_ . . 1+ is\ is 1=i(s-1)
=slIn(1 +1) 1 -is-1) lnl—i(s—l) —ln(1+?) ]n(1+m)
(1+3)
s
= In . 1-i(s-1) (6)
1+ is )
1 -is-1)
S %) =(1+y)xx>0y>0 (1+i8)3
x s |
. T
1 e
<In(1+h) <h(h >0) 1-i(s-1)
— +1 *
h (5)  (6) b5 5
it y y di
= (o) (e 2)- 01> s
J 1 y
Y - =
(1+x) Loy wry|=0 . (In 1-i(s-1) )
y/x lims =1 -lim
0 =0 (In(1 +1))
S %) (6) s=21- (s = 1) (1 +3)
. . =1+lim*~———F"—" =
i(s-1) >0 s>1—-i(s-1) '



1

1

1
1)
2)

m;

PR |

a

i>0 s > 3
m
(64 S* Tl TZ Ts'
0
p
mjzcm(a—l)(P_c), (7)
1<j<s
j=1 1 T
m
o 2
T,
m, Pm, +c¢(m
-m,) cm
Pm, + ¢(m - m,)
o =
cm
1
P-1 m, =cm(a-1) I
P -c
. =1
s J
Jj <k Jj<
(SBR) E<s .
¢ mjzcm(a—l) (P - (8)
P m
j=k kT,
s T, "
o k+
m
J 1 Tk+1
mj. m—Zm, my
=
j+1
: Pm, + -m -
o’ ' Pm, +c¢(m -m,) + my +<(m ™ m,) +
! ! 1+
s
$" Pm, +c(m -m; —m, —** —m,)
(1+q)"!
mej:m cm+cm+"‘+
i= 1+
__em
1 +i0)"!
3 (1 +3)
Pm, +c(m - m, — m,) Pm, +c¢(m -m, —m, —** —m,)
Pm, +c(m-m,) + . + Nkl
1 +1 (1 +39)
cm cm
cm +

i T (e



— 34 — 2014 9

m(P-¢) = em(a-1) =m(P-¢) (1+)"" + em(a-1) +emy —my(P -¢) (1 +2)"7 +
em(a - 1) +cml+cm2—m3(P—c) (140" 4+
kel
[ (a-1) +c2m m,_( —c)](1+i) +[cm(a—1) +c2mj]
j=1
(8) m
m,(P—c) —cm(a—l){[ _ (P—c)](1+1"7 [1+c L __ P (P—c)](1+i)k72+
k P-c P-c (P-¢°
2 j-1
[1+cz P _ P 3{P—c)](l+i)“+-"+
A(P-c" (P-o
k-2 1 h2 k-1 i
P’ P Pj
1+ _ (P -¢) ] (1+3) [1+ ]}
[ ‘X (pog (P-g il 9 2
Z P 4
P_C S* S*
i
ph-1 . ;
m(P-¢) =cm(a-1) -
' (P-c) i =0 s =5
PS
k-1 s
m, = em(a - 1) P : P*—(P—c)
(P-¢) P’ P’ (12)
l<js<s J P —(P-¢)" P =(P-¢)°
m/+l P
= 1
3 (7) m p_.> ( )
P = cs
s P s :1+ 1 s
@ Pr=(P =) (1+ I ) -1
4 s —1
<1+ I
5
PS* 1+3—1_1
. (9)
-(P-0 EEES (13)
s
e P 3 1
Sm=m (10) P —(P-" (I_L)*
J=1 S
(7) m; (10) .
S pi Sz ~ 1.582 (14)
(a-1 =1 11
( )]-Z{(P—c)’ (11) \
P Karp 7
(11) P-c
o ~ 1.582.
P _
o =




9 : — 35 —

(15)  (16)
1)
-1 _ -
]—PI (P -¢) . (15) 4
P -(P-¢°
2)
s _ J _ 5T —j
=P PP (16) 1
J Ps _(P_C)s 1
l<j<s ALG
1 m, m, m, J(0 <j=<n)
ALG
j-1
j-1 B i . . . m,
VALG(j) =c m.z"" : .1,'_1zm1_ 1 —i(s -1 e tmy L
= (1+) (L+)7 = i (1) T (e
P =c¢s
j .
Vo) e pm e F P ) A= Zm)
() = Pmy+ 7=+ +(1+i)f’1+c m-m) + 143 +oo (i)
j-1
. . . . . . . > m
ZC{ m (s l)m+(S_1)m2+”.+(s_1)mj—l+(3_1)mj_ml omy+my, 0= ]
= (1+0)! S B (L+0)7 (1+)" T+i (1+9)° (1 +2)"
(17)
~ Nl / B T N 2 N3y ; ,
(s=1)m, (s-1) (1+‘L)'71 1+1 m = (s .1).7]m1+L(s 1) (1+3) +(1+z) .7]+ +(1+3) +1 m
(1 +3)’ (1 +3)’ (1 +3)’
(s=1) - i(s=1) - i(s=-1) - i(s-1) -
= — 7 ee 4 1
(L4 T e M ()™ T g™ (18)
(s -1)m, (s =1) i(s - ~i(s = . i(s —1)
= . m, + m, + °°° + 19
1+ T+ ()2 T (1+)" (1402 (19)
-1 m; - -
(s )."-1_’;‘ _ (s 1)_1 s .1)_1 ; (20)
(1 +2) (1 +3)"7 7 (1 +4)"7 7
(18) .(19) (20) (17)
j-1
j-1 _ J ) . . . m,
Vaels) =¢ m.z"‘ : -1,'-127”1_ L —i(s-1) m moAmo L
= (1) (1) £ AN T LTI T
5 s . 1
SBR . m
ALG SBR ALG m,
ALG ALG SBR 1 m—-m,
a m — m, m, > m,

m, m, *** mg SBR a 1



— 36 — 2014 9

o - = V(1) _VSBH( 1) m . ALG
‘ cm cm m, ALG SBR 2
:c{m+(s—l)ml} _c{m+(s—1)m1} m-m —m, m-m, -m, m, <
cm cm . . .

. + = + =
mmm)(s=1) MR E R e
= m m; +m, >m, +m,

m] =m,
oo = V(1) : Vegr( 1)
2 - cm cm
cm+—— cm+ :
1+ 1+
_ c m s—-1, - . . ml} { m s-—1 . ml})
= e - 1-i(s=-1) —¢- —+— - 1-i(s-1) —
ﬂ({m+1+i+1+i(m‘+m2) =) T U () =) 1
cm+
1+:
(mytmy =my =) (s =1) + 1 =iCs =1) (m =m)
B (I+)m+m g
m, +m, <m, +m, 3 m
J J
j<s j ALG Yom< Y m
=1 =1
m
o —o = VALC(j) B V%BR(])
] cm + —— + ¢ cm em +—— + cn
1+ (1 +0)" 1 (1+i)"
j-1
O ! _ j . S m,
= < d i l+ 1S ljflzm[_ 1_1’(5_1) ﬂ+ml+m2+...+ ; ll}_
cm+%+...+ﬁlj 1=0 (1 +l) ( +l) =1 1+i (1+l)2 (1+i)j*l
+1)°

m m, =m,
S ALG SBR m, +m2 =m, +rn2
m; < m m,+m, +Am, = my +m, + 0t my
m, +m, <m, +m, my +my + -t tmy, <mypo+my + ottty

mo+m, +hm, <m +m, ++m mp +my, ++me <my+m, + 0t +m

1<k<s



9 — 37 —
s ALG m-m, - m
m, = —m. SBR ALG |
m My ok my, kot M = mo—my—my =ttt =g
m, =m m, , =0. s +1 1
s L sT o+l ; 3 B B m)
m.l 5?3* m - 1—-i(s-1 m m, +m, - ; l]
S V(s wn B (1) L+i (1+4)° (1+0)°
% = Pm - sm
5" _ s° 41 ‘ m
lm‘ it 13 1,12’”1_ I=i(s=1) | M Mty ey ; ] ]
_VSBR(SV) _VSBR(S* +1) _ = () (1) L+ (1+)° (1 +71) i
- Pm Pm - sm
5" s* o+l s* o+l
Zml = Zm, = Zm, =m
= = =
(21) (22)
) e . . . m, — m
(o a=1 i(s = 1) mg—m; m; +m, —m m2+ ; ! ZZT : >0
sm 1+ (1+1)° (1+i)"
ALG o Karp “ ”
5 4
; 1
1
(
)
4
1 k J. 1991 21(4): 36 —40.

Du Dingzhu. k-server problem and its competitive algorithm ]
40. (in Chinese)
I

. Mathematics in Practice and Theory 1991 21(4): 36 —

2003 6(2): 29 -34.

Ma Weimin Wang Kanliang. On-line management decision problem and its competitive strategies J . Journal of Manage—

ment Sciences in China 2003 6(2): 29 -34. (in Chinese)

3 Karp R. Ondine algorithms versus offine algorithms: How much is it worth to know the future?

C //Proc. IFIP 12th



— 38 — 2014 9

World Computer Congress The Netherlands: North-Holland Publishing Co. 1992 1: 416 —429.
Karlin A R Manaees M S McGeogh L et al. Competitive randomize algorithms for non-uniform problems J . Algorithmi—
ca 1994 11(6): 542 -571.

J. 2011 14(1): 69 -77.
Zhang Yong Zhang Weiguo Xu Weijun. Randomized competitive strategy for online leasing of depreciable equipment J .
Journal of Management Sciences in China 2011 14(1): 69 —77. (in Chinese)
El-Yaniv R Karp R. Nearly optimal competitive online replacement policies J . Mathematics of Operations Research

1997 22(4): 814 -839.

7 Azar Y Bartal Y Feuerstein E et al. On capital investment J . Algorithmica 1999 25(1): 22 -36.
8 El-Yaniv R Kaniei R Linial N. Competitive optimal onine leasing J . Algorithmica 1999 25(1): 116 -140.
9 Yang X Y Zhang W G Zhang Y et al. Optimal randomized algorithm for a generalized ski-rental with interest rate J . In-

10

11
12
13
14

15

16

17

18

19

20

21

22

23

formation Processing Letters 2012 112(13) : 548 - 551.
J. 2006 26(4): 90 -96.
Ma Weimin Chen Guoqing. Price continuous version of the on-ine equipment renting-buying problem and its competitive
strategies J . Systems Engineering-Theory and Practice 2006 26(4): 90 —96. ( in Chinese)
Irani S Ramanathan D. TheProblem of Renting Versus Buying R . Personal Communications 1998.
Bienkowski M. Price fluctuations: To buy or to rent J . Approximation and Online Algorithms 2010 5893: 25 —36.
Fujiwara H Iwama K. Average-case competitive analysis for ski-rental problems J . Algorithmica 2005 42(1): 95
-107.
XuYF XuW] LiHY. On the online rent or buy problem in probabilistic environments J . Journal of Global optimi—
zation 2007 38 (1): 1-20.
J. 2011 31(1): 144 -150.

Hu Maolin. Online leasing strategy with competitive analysis for separable property J . Systems Engineering-Theory and
Practice 2011 31(1): 144 -150. ( in Chinese)

J . 2011 20(4): 428
—-431.
Wang Yang Xu Yinfeng Dong Yucheng et al. The online rental problem with second market and its competitive analysis
J . Journal of Systems Management 2011 20(4): 428 —431. ( in Chinese)
al-Binali S. A risk—reward framework for the competitive analysis of financial games J . Algorithmica 1999 25(1): 99 —
115.

J. 2004 7(3): 64 -
68 74.
Zhu Zhijun Xu Yinfeng Xu Weijun. Risk-reward model of online leasing problem and its competitive analysis J . Jour—
nal of Management Sciences in China 2004 7(3): 64 -68 74. (in Chinese)

J. 2008
28(12) : 154 -159.
Liu Bin Cui Wentian Xin Chunlin. Competitive analysis for online house—renting problems based on risk-reward framework
J . Systems Engineering-Theory and Practice 2008 28(12): 154 —159. ( in Chinese)
J. 2011 8(12):
1866 — 1871.
Wang Yang Xu Weijun Xu Yinfeng. Competitive strategy and risk reward model for online financial leasing problem J .
Journal of Management 2011 8( 12): 1866 —1871. ( in Chinese)
Zhang Y Zhang W G Xu W ] et al. Riskreward models for on-ine leasing of depreciable equipment J . Computers &
Mathematics with Applications 2012 63(1): 167 - 174.
Zhang Y Zhang W G Xu W ] et al. A riskreward model for the on-ine leasing of depreciable equipment J . Informa-—
tion Processing Letters 2011 111(6) : 256 —261.
J. 2010 18(6): 131 -137.

Zhang Guiqing Xu Yinfeng. The minimal risk strategy of the online newsboy problem based on probabilistic forecast J .



Chinese Journal of Management Science 2010 18(6): 131 —137. (in Chinese)

24 Dong Y C XuJH XuYF etal. The ondine rental problem under riskreward model with probabilistic forecast J . In—
formation 2011 14(1): 89 -96.

25 . J. 2012 21(1): 11 -18.
Zhang Guiqging Xu Yinfeng Wang Yang. Competitive analysis for the online rental problem with multiple options J . Op—
erations Research and Management 2012 21(1): 11 —18. (in Chinese)

26 . J. 2008 28(11): 69 -
73.
Xu Yinfeng Zhang Xingguo Dong Yucheng et al. Rental problem with a periodical leasing discount and forecast J .
Systems Engineering-Theory and Practice 2008 28( 11) : 69 —73. ( in Chinese)

27 Zhang G Q Poon C K Xu Y F. The skirental problem with multiple discount options J . Information Processing Letters
2011 111(18): 903 —906.

28 Lotker Z Shamir B P Rawitz D. Ski rental with two general options J . Information Processing Letters 2008 108( 1) :
365 - 368.

29 Lotker Z Shamir B P Rawitz D. Rent lease or buy: Randomized algorithms for multislope ski rental C // The 25th In-
ternat. Symp. on the Theoretical Aspects of Computer Science 2008: 503 —-514.

30 Fujiwara H Kitano T Fujito T. On the best possible competitive ratio for multislope ski rental C //Proceedings of the

22nd international conference on Algorithms and Computation 2011: 544 —553.

Multiple online leasing problem of continuous relaxation with market
interest rate

HU Mao-in' XU Weisun® LIU You-zhu’
1. School of Mathematical Science Huaiyin Normal University Huai’ an 223300 China;
2. School of Business and Management South China University of Technology Guangzhou 510641 China

Abstract: Based on the study of Karp’s ski rental model for the classical online leasing problem this paper
considers the multiple online leasing model for continuous relaxation problem with market interest rate. Firstly
we investigate the optimal offline strategy and show the relationship between the optimal offline cost and market
interest rate. Then based on the online characteristics that offline adversary might stop using assets at anytime
so that online players may encounter a high—risk situation like no longer using assets shortly after purchasing
we propose a balancing risk strategy and obtain its optimal competitive ratio by using online algorithm and com—
petitive analysis. Meanwhile we prove that the competitive ratio of the balancing risk strategy is the optimal
ratio for this problem. At last the monotonicity of relevant variables in the optimal competitive ratio is dis—
cussed and the result shows that the competitive performance of online strategy improves significantly with the
factor of market interest rate and multi-unit asset thereby enhancing the online rental decision-making effi—
ciency.

Key words: multiple online leasing problem; continuous relaxation; market interest rate; balancing risk strat—

egy; competitive ratio



